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Choice sequences

The theory of choice sequences CS was introduced by Troelstra
(1968) and extensively studied by Kreisel and Troelstra (1970).

Formal systems for some branches of intuitionistic analysis.
Annals of Mathematical Logic, 1(3):229-387, 1970.

» Asequence f: N — N is lawlike if we know a law (finite
information) to generate it, e.g. recursive functions.

» Choice sequences are sequences of natural numbers which
are more general than lawlike sequences.

» Operations on choice sequences are continuous in a strong
sense: the continuous choice and bar induction are theorems
of CS.

» CS can be considered as a formal system for Brouwer’s
intuitionism.



Elimination choice sequences

» Kreisel and Troelstra (1970) showed that CS is conservative
extension of its lawlike part IDB using the elimination
translation.

» Fourman (1982) observed that forcing over the site whose
underlying category is a monoid of continuous functions
CONT(NN,NN) on Baire space with open cover topology
corresponds to the elimination translation by Kreisel and
Troelstra.

» The correspondence between forcing and elimination
translation was shown explicitly by van der Hoeven and
Moerdijk (1982) by formalizing a fragment of sheaf semantics
in IDB.



1. Theory of binary choice sequences BCS
2. Sheaf semantics of BCS
3. Formalization of sheaf semantics in EL

4. Elimination of choice sequences
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Uniformly continuous functions on 2"

f: 2 — Nis uniformly continuous

= 3n e NVa,b 2N [an = bn— f(a) =f(b)]
= 3n e NVa € 2V [f(a) = f(an * 0*)]

where an x 0“ = an * (0,0,0, - - - .
» f can be coded as a finite binary tree with a finite hight where
each leaf node is labeled by a natural number.
» Such a tree can be coded as a natural numbers.

» A uniformly continuous function f : 2 — NN can be coded as
a sequence of natural numbers.

» All these notions as well as composition of uniformly
continuous function on 2 and applications of uniformly
continuous functions to binary sequences can be definable in
EL.



EL: Elementary analysis

Elementary analysis EL is an (conservative) extension of HA
based on two sorted intuitionistic predicate logic:

Language
» N, NN : sorts for natural numbers and lawlike sequences;
> X,y,z,--- . humerical variables;
> a,b,c,--- : lawlike variables;

v

Symbols for all primitive recursive functions including 0 and S;

v

App, \x, Rec, =n.

Terms
(N-Term) t,s :=x|0|St]|f(to,...,tn—1) | App(ip, 1) | Rec(t, ¢, s)
(NMTerm) ¢ u=a| At

Formulas
A,B:=t=Ns|AANB|A— B|VxA|3xA |VaA | JaA



EL: Theory of elementary analysis

Axioms
EL has the axioms and rules of intuitionistic predicate logic with
equality (on N) and the following axioms:

(CON) (Ax.f)(x) =1t

(REC) Rec(x,a,0) =x, Rec(x,a,Sy) =a(Rec(x,a,y),y)
(PRIM) Defining equations for all primitive recursive functions.
(S) 0£S80, Sx=Sy—x=y

(IND) A(0) AVx[A(x) = A(Sx)] — VxA(x)

(ACpo!) VxTlyA(x,y) — JaVxA(x, a(x))



BCS: Theory of binary choice sequences

BCS is an extension of EL with an additional sort Ch:
Language

» The sort Ch for choice sequences;

» «,f3,7,... : choice sequence variables;

» Constants App®, Rec®, \Cx.

Terms
(N) t,s :=x|0|St|f(to,...,ta=1) | App(p, 1) | Rec(t, ¢, s) |
App©(o, 1) | RecC(t, 0, 5)
(NN) p::=a|g[x/f] | \x.t (rdoes not contain choice variables)
(Ch) o :=a |\t

Formulas

Formulas of BCS are built up as in EL but extended with
quantifiers Vo and Ja.



BCS: Theory of binary choice sequences

Axioms

» Logical axioms are those of EL and axioms of quantifiers for
choice sequences.

» Non-logical axioms include those of EL with respect to the
language of BCS except ACqy!, which is restricted to formulas
without free choice sequence variables, and the following:

(CON®) (M\x.f)(x) =1t
(RECC) RecC(x,r,0) =x, Rec“(x,,Sy) = a(Rec(x,a,y),y)



BCS: Theory of binary choice sequences

Axioms

» Logical axioms are those of EL and axioms of quantifiers for
choice sequences.
» Non-logical axioms include those of EL with respect to the

language of BCS except ACq!, which is restricted to formulas
without free choice sequence variables, and the following:
(CON®) (M\x.f)(x) =1t
(REC®) RecC(x,,0) =x, Rec®(x,a,Sy) = a(Rect(x,a,y),y)
(ANL) A(a)—3a [38 € 28a = a|B A (VB € 2Y) A(a|B)]
where a € 2N = Vx[ax =0V ax = 1].
(FC-C) Va € 238 A(a, B) — JaVa € 2NA(a, a|a)
(FC-F) Va € 2N3b A(w, b) — 3nVi < 2"3bVar € 2NA(cons, ;) |av, b).



Consequences of axioms of BCS

Proposition
Quantifications over choice sequences can be reduced to
quantifications over binary choice sequences.

BCS | YaA(a) « VaYa € 2NA(ala).

Proposition
Fan continuity is derivable from FC-F.

BCS I Va € ZNEle(a,x) — InVa € 2N3yB € 2N8 € an —A(B,y).
Proposition
BCS F -~ [Va €2NJga = a] & Vo € 28-—3Jaa = a.

where (o« = a) = Vx [ax = ax].
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2. Sheaf semantics of BCS
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Open cover topology over the monoid UCONT(2", 2")

The class UCONT(2Y, 2Y) of uniformly continuous functions on

Cantor space 2" is a monoid with unit 1 £ id,v and composition o

as operation. We regard M & UCONT(2",2") as a single object

category {x}.

Definition
Open cover topology on M is generated by a coverage base J
defined by

VOE {sn C UCONT(2Y,2Y) | n e N} :

S, & {cons, | u € 2* & |u = n},

CONS, : a — U * a.

N.B. We work in the coverage base 7 instead of the Grothendieck
topology it generates.
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Sheaves over the site (M, 7) (where M = UCONT(2",2"))

» A presheaf on M is an M-set, i.e. a pair (X, 1) of set X and
action 1: X x M — X so that

x11=x,
x1f)1g=x1(fog).

A morphism of M-sets (X, 1) and (Y,1’) is function o« : X — Y
which preserves action: a(x 1 f) = a(x) 1' f.

» Given an M-set (X, 1), a compatible family is just a family
(x4)acs of elements of X indexed by some S € 7.

» Given a compatible family (x,).es (S € J), an amalgamation
of the family is an element x € X such that x |1 a = x, for all
acs.

» An M-set is separated if every compatible family has at most
one amalgamation; it is a sheaf if every compatible family has
a unigue amalgamation.
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Sheaves over the site (M, 7) (where M = UCONT (2", 2"))

Given a separated M-set (X, 1), we can associate a sheaf L(X, 1),
the sheafification of (X,1). The elements of L(X, 1) are
equivalence classes of compatible families (x,)qes (S € J), where
the equivalence is defined by

(Xa)acs ~ p)oer & IV € JVec € Uda€ ST € TI,g €M
c=aof=bog&x,1f=ylg
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Sheaves over the site (M, 7) (where M = UCONT (2", 2"))

Given a separated M-set (X, 1), we can associate a sheaf L(X, 1),
the sheafification of (X,1). The elements of L(X, 1) are
equivalence classes of compatible families (x,)qes (S € J), where
the equivalence is defined by

(Xa)acs ~ p)oer & IV € JVec € Uda€ ST € TI,g €M
c=aof=bog&x,1f=ylg
Proposition

Let X be a set, and let (X, |¢) be a constant M-set with trivial
actionx |¢ f = x. Then, (X,1¢) is separated. Moreover

1. The sheafification L(X,1¢) is (isomorphic to) the set
UCONT (2", Xyis.) of uniformly continuous functions with
respect to the discrete topology on X with function
composition as action.

2. Foranytwo sets X, Y, there is a bijective correspondence
between functions f : X — Y and morphisms
o L(X71C) — L(Y71C)
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)

Interpretation of BCS in Sh(UCONT(2",2"), 7)

Let N, NN, Ch denote the sorts for natural numbers, lawlike
sequences and choice sequences resp. Those sorts are
interpreted as following sheaves:

» [N] : sheafification of the constant M-set (N, 1¢).
» [NN] : sheafification of the constant M-set (NN, {¢).
» [Ch] : the exponential [N]IN in Sh(M, 7).
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Interpretation of BCS in Sh(UCONT(2",2"), 7)

)

Let N, NN, Ch denote the sorts for natural numbers, lawlike
sequences and choice sequences resp. Those sorts are
interpreted as following sheaves:

» [N] : sheafification of the constant M-set (N, 1¢).
» [NN] : sheafification of the constant M-set (NN, {¢).
» [Ch] : the exponential [N]IN in Sh(M, 7).

Lemma
1. [N] is the set UCONT(ZN , Naisc) of uniformly continuous
functions with composition as action.

2. [NN] is the set UCONT (2", NN ) of uniformly continuous
functions with composition as action.

3. [Ch] is the set UCONT (2", NY) of uniformly continuous
functions with composition as action.
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Interpretation of BCS in Sh(UCONT(2",2"), 7)

AtermincontextI'-¢: S (whereI'=x; : §1,--- ,x, : S, and
S, 81, ,8, are sorts of BCS) is interpreted as a morphism
[L'Fr:8]:[I] — [S], where [I'] = [Si] x [Sa]:

OS] % 7 0] =[S,
[T F £, ta)] € f o (0] [tacr]),
[T F App(e, 0] = ev5e o ([, [1]),
[T - AppS(p,0)] £ evo ([, [1]).
[T F Rec(r, ¢, 5)] € 15 o (1], [¢], [s])
[T F RecC (1, 0, 5)] € 1o (], [¢], [s]).
[T wd] & ASes (),
[T+ XSx.a] & A([1]).

where I, ev and A are the iterator, evaluation morphism and
exponential transpose respectively. o



Interpretation of BCS in Sh(UCONT(2",2"), 7)

The truth of formulal’ F AincontextI' = x; : Sy,...,x, : S, can be
defined by forcing relation ¢ IF I" - A between finite list
(=<, .., ¢ of elements (¢; € [Si]) and formula T F A in context:

— —

(T Fe=s <5 [0 = 10

.CIFTFAAB &L (flkfl—A)A(leFl—B);

N -

CFTFASB & vreMm (fofIFFI—A—>Eof|FI‘I—B>;

w

T Evr:SA &L vre Mg e [S]Cof, gl T,x: SFA;

LCIFTF 354 £ 3re Vg e T € [5]

Cog,fIFT,x:SFA.

o s
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Some refinements

» For the truth of " - A, it suffices to consider list fsuch that if
S; is either N or NN then ¢; € [S:] is a constant function, i.e. it
can be identified with element of N or NY

» For the clauses for quantifiers, if the sort S of variable is either
N or NN, quantifications over [S] can be restricted to
quantifications over N and NV,

» The base case is equivalent to the following.
aFThkt=s

def ~ ~

< [1(@) = [s1@

— Vb e 2NN [ ab)]]* = [V /ab)]]*
where tV[I"/d(b)] is obtained from ¢ by replacing A by A, and
x; by a;(b) (regarded as formal symbols.). The resulting term
is informally interpreted in the base set theory, which is
denoted by [V [I"/d(b)]]*.
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3. Formalization of sheaf semantics in EL

19/30



Forcing in EL

AT Fr=s & vp e 2NV /a)]* = [V [T /a(a)]]*;

AFTHAAB &L GHFTHA)A@IFT - B);

AFTFA—B & vfeM (@of FTFA—dofIF T F B);

GlFTHvr:SA &5 v e Mg e [S]aof,gl-T,x:SFA;

T F3x:54 &5 31 e gV e T3 € [5]

dog,fIFT,x:SHA.

o & 0 bnp =

The sheaf semantics for BCS involves following notions:
» Uniformly continuous functions of the types 2 — N,
2N 5 NN, and 2N — 2N,
» Compositions between them.
» Applications of those functions to elements of 2™
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Forcing in EL

By a context I', we mean a finite list of choice sequence variables.
Let A be a formula of BCS in a context I', where I' = ay, ..., a,_1

Let J = o, ..., pn—1 be alist of lawlike terms of EL. We define a
formula g IF ' = A of EL by induction on A.

1. GFTFu=v & vae2Nu¥/@la) = WIT/Fal;
. GIFTHAAB ze (LﬁIFFFA) (ZIF T+ B);
GIFTHASBE VacKke (F-alFTHA—=G al-T F B);
GIFTFvaa & vmpw T+ Afa/bl;

<p||—FI—VaA S Va € Kb 3-a,b - T, B F Ala/f);

FIFTF Jad & 3avi < 273b @ - cons(y,;y IF T+ Afa/b];

def

N o o s ® N

FIFTF3aA = 3dVi <23a G- consyy,al-T, B+ Ala/f].
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Forcing in EL

Theorem (Soundness)
Let A be a formula of BCS in the contextI” = «y,...,a,_1. Then

BCS+A = ELF Vag,...,an1[@IF T+ A],

where d = ag,...,dy—1.
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4. Elimination of choice sequences
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Elimination Translation

Definition
The class Form(B) of formulas is defined by the clauses defining
the formulas of BCS together with the following clause:

» IfA € Form(B), then (Vo € B)A, (3o € B)A € Form(B).
N.B. (Va € B) and (3a € B) are added as primitive symbols, not
as abbreviations of quantifiers for choice sequence followed by a
predicate 2N.
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Elimination Translation

A mapping A — "A™ of formulas A in Form(B) without free choice
sequence variables to formulas "A™ of EL is defined as follows:

Tu=vi=u =",

"AANBT=TATATB,
"A—B1=TATBY,

MYaAl = VarA™,
"VaA™ =Va"Vy € BAla/aly] ™,
rJaAT = JarA™,

T3aA™ = Ja"Vy € BA[a/alv] ™,
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Elimination Translation

Vo € Bu = v = Va € 2Nu[a/a]’ = v[a/a)¥,
"WVae BAANB'="Va e BATA"Va € BB,
"Va € BA—B"'=Va € K¢ ("Vy € BA[a/aly]"—"Vv € BBla/a|y] ),
Vo € BYaA = Vb Vo € BA[a/b] 7,
"Va € BVBAT = VaVb € K"V € BA[a/bl, B/al|y]™,
"Va € BYS € BAT =Va,b € Kc"Vy € BA[a/bl, 5/aly]7,
"Va € BJaA = 3dVi < 293b7Vy € BA[o/ cons g, |7, a/b]7,
Vo € BIBAT = Ja"Vy € BA[a/v, B/aly] ™,
Vo € B3p € BAT = Ja € Kc"Vy € BAla/y, B/alv] 7,
"Ho € BA" = 3a € Kc™Vy € BA[a/aly] ™.
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The main results

Theorem
Let A be a formula of BCS in a context” = «y,...,a,_1. Then

EL - Vag, ...,an_1 (@IF T F A < "V3 € BA[D/a@|A]").

where A[T"/d|B] = Alao/ao|B, - - -, an—1/an—1|P].

Corollary
Let A be a formula of BCS which does not contain free choice
sequence variables. Then

ELF (IFA) < A7,

where (IF A) = (() IF () F A).
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The main results

Theorem
Let A be a formula of BCS in a context” = «y,...,a,_1. Then

EL - Vag,...,ap_ (@IF T A < 7V3 € BA[L/d|8]") .

where A[T"/d|B] = Alao/ao|B, - - -, an—1/an—1|P].

Corollary
Let A be a formula of BCS which does not contain free choice
sequence variables. Then

ELF (IFA) < A7,

where (IF A) = (() IF () F A).

Theorem
IfA is a formula of EL, then" A7 = A. ThusBCS+ A = EL |- A.
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The main results

Theorem
Let A be a formula of BCS which does not contain free choice
sequence variables. Then

BCSFA &A™

Theorem
Let A be a formula of BCS which does not contain free choice
sequence variables. Then

BCSHA < ELF (IFA).
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Clarify the connection between elimination translation and internal
language.
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Clarify the connection between elimination translation and internal
language.
1. ELF Vao,...,a,—1 (@dIF T HA < "V3 € BA[I'/d|5]™"), where
A[P/Zi’,@] = A[ao/a0|ﬁ, ey oz,,_l/a,,_l ’,8]
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Clarify the connection between elimination translation and internal
language.
1. ELF Vao,...,a,—1 (@dIF T HA < "V3 € BA[I'/d|5]™"), where
A[P/Zi’,@] = A[ao/a0|ﬁ, ey oz,,_l/a,,_l ’,8]
2. On the other hand, we have a correspondence between
forcing and derivability in the internal language of Sh(M, 7).

kT HA < Fgym,g Yo € 2NA[D/d(a)].

3. The elimination translation seems to be a translation of forcing
expressed in the internal language of Sh(M, 7) into the
forcing expressed in the language of EL.

4. Can we understand other elimination translations (choice
sequences, lawlike sequences, binary lawlike sequences, etc)

in the siminlar way by considering suitable sheaf category and
theory of arithmetics?
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