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Abstract

The notion of an independent subbase was introduced by H. Tsuiki to apply
non-redundant {0, 1, L }¥-code representations to topological spaces. We prove
that every dense in itself, separable, metrizable space X has an independent
subbase and, if dim X < n in addition, then X has an independent subbase
of dimension n. We also study other properties of subbases related to non-
redundant {0, 1, L}*-codings.
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1. Introduction

Let T be the set {0,1, L}, where L is called the bottom character which
means undefinedness. The notion of an independent subbase was introduced
by Tsuiki [10] to apply non-redundant T*-code representations to topological
spaces, in particular, separable metrizable spaces. Let w be the first infinite
ordinal. As usual, an element of w is identified with the set of smaller elements,
for example, 2 = {0, 1}, and I'2 denotes the set of all maps from a finite subset
I’ of w to 2.
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Definition 1. An independent subbase S of a space X is a subbase {S,,;:n <
w,i < 2} of X, such that

(Vn < w)(Sn,oNSp1 =0), and (1.1)

(Vn < w)(Yo € "2) (ﬂ Skoth) 7 ®> . (1.2)

k<n

We show its equivalence to the definition in [10] in the next section. In particu-
lar, we show in Lemma 7 that S,,; (n < w, < 2) are regular open and S, ¢ and
Sn,1 are exteriors of each other for an independent subbase S. It is obvious from
(1.2) that for a finite subset I' of w and a function o €' 2, Mker Sk, (k) is N0t
empty. Therefore, we can say that an independent subbase is a subbase which
generates through finite intersections and unions a free boolean subalgebra of
the boolean algebra of regular open sets of X.

From an independent subbase S, we can define a mapping ¢g from X to

T« as follows
0 (l‘ c Sn,O)

ps(@)(n) =¢ 1 (2 €5n1)
L (otherwise)

Actually, it is a topological embedding of X in T* and it assignes a unique
T«-code to each element of X. It has the property that each index has an
“independent” meaning in that for any subset I of w and n ¢ I', any assignment
o of digits (i.e., 0 or 1) to I' do not determine the digit at the index n because
ﬂkEFU{n} Sk,oui(k) 7 O for both of the extensions o; (i = 0,1) of o to T'U {n}
which assigns 7 to n. We explain in detail the relation between an independent
subbase and a non-redundant T“-code representation in Section 2.

In this paper, we prove Theorems 1, 3 and their corollaries below, which
answer the questions asked in [10, Section 6]. Moreover, we study other notions
of subbases closely related to an independent subbase and prove some results
which fill a gap in a statement in [10, p.679].

In [10, Proposition 6.1], it is shown that every space having an independent
subbase is dense in itself. Then, examples of independent subbases are given
on the Cantor set, the unit interval I, the products 1", the Hilbert cube I¢,
the circle S', and several surfaces such as S2, the torus 72 and the n-torus
nT?, and it is asked if every dense in itself, separable, metrizable space has an
independent subbase. Theorem 1 answers this question positively.

Theorem 1. FEvery dense in itself, separable, metrizable space has an indepen-
dent subbase.

(From this theorem and Proposition 6.1 of [10], we have the following.

Corollary 2. A separable metrizable space X is dense in itself if and only if X
has an independent subbase.



For a T“-code representation of a topological space X, the maximum number
of copies of | which may appear in a code sequence has a computational meaning
as is explained in [7] and also in Section 2 of this paper. For the case pg of a
T“-code representation derived from an independent subbase S, such a number
is equal to the dimension of an independent subbase defined as follows

Definition 2. For a non-negative integer m, an independent subbase S =
{Sn.i:n <w,i < 2}is of dimension m if ord{X \ (SnoUSn1) :n <w} <m-—1,
where ord A means the largest integer m such that the collection A contains
m + 1 sets with a non-empty intersection.

Note that if the dimension of S is m, then g is an embedding of X in TY,
which is the subspace of T% only with those sequences with at most m copies of
1. T% is a To-space with the small inductive dimension m [9]. Therefore, if X is
a separable metrizable space, dim X < m for dim X the covering dimension of
X, because the covering dimension and the small inductive dimension coincide
for separable metrizable spaces. It was an open question of [10] whether there
is an independent subbase of dimension dim X for a dense in itself, separable,
metrizable space X. Theorem 3 answers this question positively.

Theorem 3. FEvery dense in itself, separable, metrizable space X with dim X <
m has an independent subbase of dimension m.

(From this theorem, with the above discussion and Proposition 6.1 of [10],
we can derive the next corollary.

Corollary 4. A separable metrizable space X is dense in itself and dim X < m
if and only if X has an independent subbase of dimension m.

In the next section, we explain the relation between an independent subbase
and a non-redundant T“-code representation of a topological space. We give the
proof of Theorem 1 in Sections 3 and 4, and the proof of Theorem 3 in Section
5. After that, in Section 6, we investigate other properties of subbases related
to non-redundant T“-codings.

Preliminaries and Notations:

Throughout this paper, X denotes a second countable space. If X is regular,
then X is separable metrizable by Urysohn’s metrization theorem. Recall that
a subset U of X is regular open if U is the interior of its closure. The terms
‘(regular) open set’ and ‘closed set’ always mean ‘(regular) open set in X’ and
‘closed set in X, respectively, and int A, cl A, bd A denote the interior, closure,
boundary of a set A in X, respectively. The notation and terminology on
topology will be used as in [2].

Each element of T% is called a bottomed sequence and each copy of 0 and 1
which appears in a bottomed sequence o is called a digit of 0. A finite element
of T% is a bottomed sequence with a finite number of digits, and the set of all
finite elements of T is denoted by K (T«). We write dom(o) = {k : o(k) # L}
for o0 € T and t¥ = (¢,t,---) € T¥ for t € T.



We define the partial order relation I <0 and L <1 on T, and denote its
product order on T by the same symbol =, i.e., for every o,7 € T¥, ¢ < 7 if
o(n) =X 7(n) for each n < w. Then 2¢ is the set of maximal elements of T*. We
consider the Ty-topology {0,{0},{1},{0,1}, T} on T, and its product topology
of T¥. We say that two elements o and ¢’ of T are compatible if o < 7 and
o' < 7 for some T € T, and write o 1 ¢’ if o and ¢’ are compatible. For o € T%,
we define to = {r: 7 = o}, lo = {7 : 7 X o}, and o = U{lo’ : ¢’ €fc}.
Therefore, we have ffo = {7 : 7 1 ¢}. The family {fo : 0 € K(T%)} is a base of
the topology on T.

A surjective partial function from 2“ to X, i.e., a surjection defined on a
subset of 2%, is called a representation of X [11]. A representation can be
considered as a coding which may assign more than one codes to each element.
That is, a representation p of X assigns elements of p~!(z) as codes of x.

The letters 4,7, k,1,m,n will be used to denote finite ordinal numbers (=
non-negative integers), and o and 7 will be used to denote bottomed sequences.

2. Independent Subbases and Non-Redundant {0, 1, 1 }*-Codings

The idea of an independent subbase comes from a T“-coding of a topological
space which is non-redundant in that (1) it assigns a unique code to each element
as opposed to a representation which may assign more than one codes, and that
(2) there is no redundancy among the meanings of the digits of each code.

In the introductory explanation of this section, we consider the case X is
a separable metrizable space though an independent subbase will be defined
generally for second countable spaces which are not necessarily regular. First,
we consider a unique 2“-coding of a separable metrizable space X which is
expressed as an injective function ¢’ from X to 2¥. Such a coding induces
computation on X with a Type2 machine, which is an extension of the Turing
machine with input and output tapes of infinite length [11]. Here, for the
extension in the next paragraph, we consider a variant of a Type2 machine
which fills the cells in any order. That is, in order to output x, a machine starts
with the output tape filled with L and fills | -cells with 0 or 1 in any order, and
the tape becomes ¢’ (x) after an infinite time of execution. Correspondingly, as
an input, we consider that a sequence of pairs (ng,ix) (k=0,1,...) for ny <w
and i, < 2 is given, where (n, ¢) means that the n-th cell of the input tape is filled
with . We have the restriction that each cell of the tape is filled only once, that
is, nx # ny for k # k'. Therefore, the states of the input/output tapes change
monotonically as 1 <01 = 09 <03 < ... for g; € K(T¥), where o; is the state
of the input/output tape when the i-th input/output operation is made. Let
S'(0) = Niedom(oy {2 : ¢’ () (k) = o(k)}. According to the change of the states
of a tape, we have the information that z is in the sets X = S’(L%) D S'(01) 2
S'(o2) 2 ... and {z} = S'(¢'(x)) = ,cp S'(0n). In order that this process
is regarded as producing better and better topological approximation of x, it is
natural to impose the condition that {S'(0,,) : n < w} forms a neighbourhood
base of . Since it holds for every z € X, {S'(0) : ¢ € K(T%)} should be a



base of the topology of X. That is, we follow the idea that open sets are finitely
observable properties [6]. Since S'(0) = ¢’ 1({r € 2¥ : 7 = g}) for 0 € K(T%)
and the family of sets {r € 2¥ : 7 = ¢} for 0 € K(T%) forms a base of 2¢, it
means that ¢’ is an embedding of X in 2¢.

However, there is no embedding of X in 2“ for a non-zero dimensional space
X because 2% is zero-dimensional, and we cannot define computation on a non-
zero dimensional space X in this way. Usually, this problem is solved by consid-
ering a representation, which may assign more than one codes to each element
[11]. Here, we consider a different approach, that is, by changing the code space
from 2“ to T% and considering a coding function ¢ : X — T%. It is immediate
to show that separable metrizable spaces can be embedded in T, and more
generally that a topological space can be embedded in T% if and only if it is a
second countable Typ-space. On the other hand, by allowing some of the cells of
the output tape to be unfilled even after an infinite-time of computation, the
same kind of machine as above can input and output T“ elements. Therefore,
with such a coding function, we can define computation over X. In particular,
for n < w, a separable metrizable space X is n-dimensional if and only if there
is an embedding of X in T, which is the set of bottomed sequences with at
most n copies of L [7, 9], and on the other hand, one can define in a concise
way an IM2-machine, which input and output bottomed sequences in T% for
n < w [7, 8]. Therefore, coding functions with the code space T% for n < w are
particularly important.

Now, suppose that an embedding ¢ : X — T of a topological space X
is given. We define P,; = {0 € T¥ : 0(n) = i} and S,; = {z : p(z)(n) =
it = ¢ Y(Pn;). Since {P,; : n < w,i < 2} forms a subbase of T% such
that P,oN P, = 0, {Sn; : n < w,i < 2} forms a subbase of X such that
Sn,0NSy1 =0 for every n < w. Conversely, if S = {Sy,; :n < w,i <2}isa
subbase indexed with w x 2 such that S, o NS, 1 = 0 for n < w, then we have
an embedding ¢g : X — T defined as

0 (l‘ c Sn,O)

ps(@)(n) =¢ 1 (z€5n1)
L (otherwise)

Therefore, we identify an embedding of X in T* with such a subbase indexed
with w x 2. When S = {S,,; : n < w,i < 2} is such a subbase and o € T¥, we

write
S@)="[] Suowm:
nedom(o)
Then the family {S(c) : 0 € K(T*)} forms a base of X corresponding to the
subbase S.
In [10], an independent subbase is defined in three steps as a special case of
such a subbase with index.

Definition 3 ([10]). A dyadic subbase of a space X is a subbase S = {S,,; :
n < w,i < 2} indexed with w x 2 such that every element is a regular open set
and S, 1 = X \cl S, for n < w.



When S = {S,; : n < w,i < 2} is a dyadic subbase of X, pairings of
Sn,0 and S, 1 are fixed and differences of indexings with w x 2 are caused only
by reindexings on w and 2. Since the corresponding difference on the coding
functions are caused only by reindexings on w and inversions on the values,
which are not essential when we consider properties of codings, we ignore the
indexing and call the subbase itself a dyadic subbase.

If S is a dyadic subbase, {z : ¢g(z)(n) = L} is the boundary of both
Sn,o and S, 1 and is a nowhere dense subset for every m. This fact has the
following computational meaning. As we have noted, for each n < w, one
cannot obtain the information pg(z)(n) = L by observing the n-th cell of the
tape, because even if it has the value L at the time of observation, it may
be filled with 0 or 1 afterwards. If {x : pg(x)(n) = L} is nowhere-dense,
this information is not obtained even from the observation of the whole tape,
because the information obtained from the tape state o is that the value is in
S(0), and {z : ps(z)(n) = L} does not contain any subset of the form S(o) for
o€ K(Tv).

Next, we introduce a proper dyadic subbase. When S = {S,,; : n < w,i < 2}
is a dyadic subbase of X and o € T, we write

S(O') = m cl Sn,o'(n)-

nedom(o)

Through the embedding ¢g, we can consider X as a subspace of T and we
have the following characterization of S : T — P(X) and S : T — P(X) via
the order structure of T%.

Lemma 5 (Proposition 3.5 of [10]). Suppose that S is a dyadic subbase of
a space X and o € T%.

(1) S(o) = 95! (10).

(2) S(0) = w5 (f0).
PRrROOF. (1) z € S(o) if and only if pg(z)(n) = o(n) for every n € dom(o), if
and only if pg(z) = 0.

(2) x € S(o) if and only if pg(x)(n) is o(n) or L for every n € dom(o), if
and only if pg(x) 1 0. O

Definition 4 ([10]). We say that a dyadic subbase is proper if c1 (o) = S(o)
for every o € K(T%).

We investigate more about proper dyadic subbases in Section 6.

Finally, we introduce ‘independent subbase’ of [10]. Before that we explain
two examples of proper dyadic subbases of the closed unit interval T = [0,1]
given in [10]. One is the Dedekind subbase D = {D,; : n < w,i < 2} with
Dypo = [0,¢q,) and D, 1 = (g, 1] for a numbering ¢, (n < w) of rational
numbers in (0,1). The other one is the Gray subbase which corresponds to the
Gray embedding [3, 8]. Let the tent function ¢ : I — I be

2 0<a<1/2)
Ha) = { 201—2) (1)2<z<1)



G40, G4l . — — . — . — . — . — . — . — .
G3,0, G311 e 1 . ' . ' ; i
G20, G2,1 E i—i—i E i—i—i E
G0, G1,1 E E : : : : : E E
G0, Go,1 E E E E : : : : :

AN S S SN S S S —

0 0.25 0.5 0.75 1.0

Figure 1: The Gray Subbase of the unit interval [0,1].

For the sets Xo = [0,1/2) and X; = (1/2,1], we define the Gray subbase G =
{Gni:n<w,i<2}asGp,; =1t "(X;). Figure 1 shows the Gray subbase, with
the gray lines representing G, o and the black lines representing G, 1.

One can see that each code sequence of the Dedekind subbase contains re-
dundant information. For example, suppose that ¢, = 3/4 and ¢,, = 1/2.
Then, D, o D Dy, o and therefore ¢p(x)(n) always has the value 0 when
¢p(z)(m) = 0, and we do not need the n-th value in identifying x if the m-th
value is 0. On the other hand, Gray subbase is efficient in that there is no
such redundancy in each code sequence. In [10], in order to express such a
non-redundancy, three notions are introduced on proper dyadic subbases.

Definition 5 (independent subbase of [10]). A proper dyadic subbase S is
an independent subbase if S(o) # 0 for every o € K(T¥).

This definition of an independent subbase is equivalent to the one in the
previous section by the lemmas below. One can see that the Gray subbase is
independent whereas the Dedekind subbase is not. Since S(c) = ¢g'(to) by
Lemma 5(1) and {S(0) : 0 € K(T%)} is a base of T, we have the following,.

Proposition 6. A proper dyadic subbase S is an independent subbase if and
only if s is a dense embedding.

We defer the definitions of the other two properties, full-representing and canon-
ically representing, to Section 6.

Lemma 7. If S = {S,; : n < w,i < 2} is a subbase of a space X satisfying
(1.1) and (1.2), then S is a dyadic subbase.



PROOF. When o(n) = L, let 0,,—; denote the bottomed sequence obtained by
assigning ¢ to the m-th component of ¢. Suppose that = € S, 0 U S, 1 and
x € S(o) for 0 € K(T*). We have o(n) = L. From (1.2), S(o,=0) and S(o,,=1)
are both non-empty and they are subsets of S(o). Thus, in every neighbourhood
of z, there are points of S, o and S, 1. That is, x is on the boundary of both
S0 and Sy, 1. Therefore, Sy, o and Sy, 1 are regular open and S, 1 = X \ cl S, 0.

O

Lemma 8. If S = {S,; : n < w,i < 2} is a subbase of a space X satisfying
(1.1) and (1.2), then S is proper, and therefore S is an independent subbase in
the sense of Definition 5.

PROOF. Suppose that clS(o) C S(o) for 0 € K(T*), and thus = € S(o) and
z & clS(o) for some z € X. Since z & clS(0), z € S(7) and S(o) N S(r) =0
for some 7 € K(T¥). If o 1 7, S(o) N S(r) = S(o U T), which is non-empty
by (1.2). Here, o U 7 is the least upper bound of ¢ and 7. Therefore, we have
o ¥ 7. On the other hand, since € S(c), we have o 1 pg(z) by Lemma 5(2).
Since we also have x € S(7), we have pg(x) = 7. Therefore, o 1 7 and we have
contradiction.

Lemma 9. Let S = {S,,; :n <w,i <2} be a dyadic subbase of a space X. S
is proper if and only if S satisfies

(Vn < w)(Vo € ™2) (Cl ﬂ Sk’g(k) = ﬂ ClSk,a(k)) . (2.1)

k<n k<n

PrOOF. We only need to show the if part. Let 0 € K(T¥) and I' = dom(o).
Fixn <wwith' Cn. Put T = {r € K(T*) : dom(7) = n and 7 = o}. Then,
since S(0) 2 S(7) = Nkg<nSk,-) for each 7 € T, it follows from (2.1) that

clS(o) D U clS(r) = U <ﬂ ClSk,r(k)>

TeT T7€T \k<n

= U ﬂ clSk’T(k)ﬂ ﬂ clSk,T(k)

T€T \ kel ken\T'
=N ASeomn U | ) ASrm
kel T€T \ken\I

This implies that c1.S(0) 2 Nyer €l Skok) = S(0), because the last union in
the above formula is equal to X by the fact that S is dyadic. O
3. Proof of Theorem 1

For a subset A of a space X, A€ stands for the exterior of A in X. For open
sets V and S in a space X, we write V> S if c1(VNS) = clVNeclS and



c(VensS) =cl(Ve) NelS. Note that the first equality does not necessarily
imply the second, and V > S does not necessarily imply S > V even if both
V and S are regular open (see Remark 1 at the end of this section).

PROOF (PROOF OF THEOREM 1). Let X be a dense in itself, separable, metriz-
able space. We show that X has a subbase {S,,; : n < w,? < 2} satisfying (1.1)
and (1.2). We may assume that X is non-empty. Then there exists a col-
lection {U,; : n < w,i < 2} of non-empty regular open sets in X such that
clU, o C U,,1 for each n < w and, for each z € X and each neighborhood G of
x, there exists n < w such that x € U, o and U,,;; € G. We inductively define,
for each n < w, regular open sets S, 0 and S, ; satisfying that

Sn,l = (Sn,O)e (: X \ cl Sn,O)u (31)
(Vo € "2 [ el () Sty = () LSkow | » (3.2)
k<n k<n
(Vo € "T12) ﬂ Sko) 0], and (3.3)
k<n
(Vo € Upo) 3T Cn+1)(Jo € F2) (:c € ﬂ Sk.ok) C Un,1> . (3.4)
ker

If we construct S, and S, 1 for all n < w, then {S,; : n < w,i < 2} is an
independent subbase of X by (3.1), (3.3) and (3.4). Although (3.1) is stronger
than (1.1) and (3.2) is not required in the definition of an independent subbase,
we need them to proceed the induction and it is natural to require them in
view of Lemmas 7, 8 and 9. For n = 0, we may assume that Uy # X. Put
So,0 = Upp and So1 = (S0,0)¢. Fix n > 1 and assume that Sy and Sk, have
been defined for all k < n. For each o € "2, put S(0) = (., Sk,o(k). Then,
by the inductive hypothesis, we have

(Vo € ™2) <CIS(0) = Sk,(;(k)) : (3.5)

k<n
(Vo € "2)(S(0) #0), and (3.6)
(Vo,0’ € "2)(if o # o', then S(o) N S(a’) = 0). (3.7)

Now, we need the following lemma.

Lemma 10. Let {S; : i € I} be a finite collection of disjoint open sets in X.
Let F be a closed set and G an open set such that F C G. Then there exists a
regular open set W such that F CW CclW C G and W > S; for each i € I.

Leaving the proof of Lemma 10 to the next section, let us continue the
proof of Theorem 1. By Lemma 10 there exists a regular open set V,, such that
clUpoCV, CclV, CU,,; and

Vi, > S(o) for each o € 2. (3.8)



Put A={oc€"2:5(c) CV,} and B={o € "2: S(o)NclV,, = 0}. Then,
since V,, is regular open, we have

(Vo € "2\ (AU B))(S(0) NV, # 0 and S(c) N VE £ 0). (3.9)

For every 0 € AU B, by (3.6), we can take a non-empty regular open set G(o)
such that
clG(o) C S(o) and S(o) \ clG(o) # 0. (3.10)

Then, by the definitions of the sets A, B and (3.7), we have

(Vo € AUB)(bdV,, NclG(o) =), and (3.11)
(Vo,0' € AUB)(if 0 # o', then clG(o) Ncl G(a’) = 0). (3.12)

Define

Sno = (Vn\ U cl G(O’)) U U G(0) and

gEA oceB
Sp1 = (V;\ U ch(g)> u J Glo).
c€B og€EA

Then it follows from (3.6), (3.9) and (3.10) that S,,; NS(o) # 0 for each o € "2
and ¢ = 0,1. Thus, Sy, and S, 1 satisfy (3.3). To show that S, o and S, 1 are
regular open and satisfy (3.1), (3.2) and (3.4) we prove the following claim.

Claim 11. We have

cl Sy 0= (can\ U G(O’)) u U clG(o) and (3.13)
oeA oceB

S, = <c1v,f\ U G(o)> U dGo). (3.14)
oeB oc€eA

PROOF. We prove only the first equality (3.13), since the second can be proved
similarly. Let R be the right hand set of (3.13). Then clS, o C R, since R is
closed and includes S, . Thus, it is enough to show that R\ S, o C clS, 0.
For every € R\ Sy, either € clV, \ V,, or x € clG(o) \ G(o) for some
ccAUB. If z €clV,, \ V,, then x € |J,c 4 c1G(o) by (3.11), and hence,

xecl (Vn\ U ch(o)) CclSn0-

og€A

If x € clG(0)\G(0o) for some o € A, then z € cl(S(0)\clG(0)), because G(o) is
regular open and clG(o) C S(o). Hence, x € clS,, ¢ since S(o)\clG(c) C Sy 0.
If x € clG(0)\ G(o) for some o € B, then x € cl S, ¢ since G(o) C S, 0. Hence,
we have (3.13). O
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By Claim 11, S,, 1 = (Sp,0)¢ and both S, o and S,, ; are regular open. Hence,
we have (3.1). Next, we show that S, ;, i < 2, satisfy (3.2). By (3.5), it is enough
to prove that

cl(Sn,iNS(o)) =clS,iNclS(o)

for each 0 € "2 and i < 2. We prove only the case ¢ = 0, since the proof for
i = 1 goes quite similarly if one replace V,, by V,¢. We distinguish three cases.
If o € "2\ (AU B), then by the definition of S,, o and Claim 11,

SnoNS(o) =V, NS(c) and
clSpoNclS(o) =clV,NclS(o).

Hence, it follows from (3.8) that

cl(SnoNS(o)) =cl(V,,NS(0))
=clV,NclS(o) =clSpoNclS(o).

If 0 € A, then by the definition of S, ¢ and Claim 11,

SnoNS(o) =5(0)\clG(o) and
clSpoNclS(o) =clS(o)\ G(o).

Since G(0) is regular open and clG(o) C S(o),

cl(Sn,0NS(0)) =cl(S(o) \ clG(o))
=clS(o)\ G(o) =clSpoNclS(o).

If 0 € B, then by the definition of S, o,
SnoNS(o) =G(o).

Since V,,NS(0) = 0, it follows from (3.8) that clV,, NclS(o) = 0, which implies
that ¢l Sy, 0NclS(o) = clG(o) by Claim 11. Hence,

cl(SpoNS(o)) =clG(o) =clSpoNclS(o).

Consequetly, we have (3.2). Finally, to prove that S, ;, i < 2, satisfy (3.4), let
x € Uy be fixed. If z € S(o) for some o € A, then z € S(o) CV,, CUp1. On
the other hand, if x ¢ S(o) for each o € A, then

zeVo\ | cdG(o) C Snp. (3.15)
o€EA

For each o € B, we now define k(o) < n and i(o) < 2 as follows. To do this, let
o0 € B be fixed for a while. Since

Vo N () L Skory) = Vo Nl S(o) =0
k<n

11



by (3.5), © € iep €l Sk,o(k), and hence, = & cl Si(0),0(k(e)) for some k(o) < n.
Define i(0) =1 — o(k(o)). Then,

T e Sk(o),i(n) and Sk(a),i(a) NS(c) =0. (3.16)
Define such k(o) and i(o) for each o € B. Then we have
(Vo,0’ € B)(if k(o) = k(o’), then i(o) = i(d")),

because z is in exactly one of Sy(4)0 and Si(),1. Put I' = {k(0) : 0 € B}, and
define 7 € I'2 by 7(k(0)) =i(0) for o € B. Then, by (3.16),

S ﬂ Sk,r(k) and ﬂ Sk,r(k) N U S(o) = 0. (3.17)

kel kel oeB

Finally, put A = T'U {n} and define v € *2 by v|p = 7 and v(n) = 0. Then it
follows from (3.15) and (3.17) that

S m Sk,v(k) = m Sk,r(k) N Sn,O cV,C Un,1~
keA kel

Hence, we have (3.4). O

Remark 1. Consider the subspace X = (—oo, —1] U [0, +00) of the real line
with the usual topology, and define regular open sets U and S in X by

U = (—o0,—1]U | (1/(4n +3),1/(4n + 2)) and
S=J@/(n+4),1/(4n+1)).

Then it is easily checked that U > S and cl(U® N S¢) = cl(U®) Ncl(S¢) but
cl(UNS®) #clUncl(S°). Hence, U > S does not imply S > U, in general.

4. Proof of Lemma 10

We prove Lemma 10 used in the proof of Theorem 1. Let X be the same space
as in the preceding section, and fix a metric on X which induces the topology
of X. For a point z € X and € > 0, B(z,¢) denotes the e-neighborhood of z in
X.

Lemma 12. Let S be a non-empty open set in X. Let K be a non-empty closed
set such that K C bd S, and let G be an open set with K C G. Then there exist
open sets P and @ such that

(1) PUQCSNG, clPUclQ CG,
(2) cdlPNcl@QNS =0, and
(3) APNbdS =clQNbdS = K.

12



PRrROOF. Take open sets G;, i < w, such that
G2G12G22--2G;2Gi41 22K

and (,.,, clG; = K. We only prove the case that K is infinite, since the finite
case can be proved similarly. Let D be a countable dense set of K and enumerate
the points of D as D = {z} : k < w}, where x;, # x; whenever k # [. By
induction on k < w and i < w, we can define a collection {H (k%) : k < w,i < w}
of non-empty open sets such that

cl H(k,i) € SN Gryi N B(xy, 277, (4.1)
for each k < w and i < w, and
clH(k,i)NnclH(l,j) = 0, whenever (k,i) # (I, 7). (4.2)

Indeed, for each k < w, we can define a sequence {H (k, i) : ¢ < w} of non-empty
open sets satisfying (4.1) and such that ¢l H(k,i)Ncl H(k,j) = () whenever ¢ # j
by induction on 4. Then (J,_, cl H(k,4) U {zx} is closed in X and contains no
points of D \ {x}. Hence, by induction on k, we can define such sequence for
each k < w so as to satisfy (4.2). Since each X \ clG; intersects only finitely
many H(k,i)’s, the collection {H (k,7) : k < w,i < w} is discrete at each point
of X \ K. For each k < w and i < w, take non-empty open sets P(k,i) and
Q(k, 1) such that P(k,i) UQ(k,:) C H(k,4) and cl P(k,i) NclQ(k,i) = 0. Put

P=JJPki and Q=] Q).

k<wi<w k<wi<w

Then P and @ satisfy (1) by their definitions. Since D C cl P and D is dense
in K, K CclP,and K C cl@Q similarly. Hence, (2) and (3) follow from the fact
that {P(k,7), Q(k,4) : k < w,i < w} is discrete at each point of X \ K. O

Lemma 13. Let V and S be open sets in X such that V. > S. If we put
W =int (clV), then W > S.

PROOF. Since V> S, cl(VNS)=clVNeclS and cl(VeNS)=cl(Ve)NeclS.
Since VN S isdensein WNS and clV =clW,

cd(WnS)=c(VNS)=clVNneS=cWneclS.
On the other hand, since V¢ = W€,
cd(WensS)=c(Vens)=c (V) NneclS =c (W) NeclS.
Hence, W > S. O

Proor (ProOF OF LEMMA 10). Take an open set U with ¥ C U C clU C G.
For each i € I, we put K; = bdU Nbd S;, and define open sets P; and @Q; as
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follows. If K; = 0, put P, = Q; = 0. If K; # (), then by Lemma 12 there exist
open sets P; and (); such that

PUQ; CS;N(G\F), cdP,UcdQ; CG\F, (4.3)
cdP,Nncl@;NS; =0, and (4.4)
ClP,‘ ﬂdei :ClQiﬂdei :Ki. (45)

Put P =,c; Pi, @ = U;c; Qi and T = X \ J,;c; Si- Then, by (4.5),

APNT=cdQnT=|JK CdU\U. (4.6)
el

Define V = (UU P) \ cl@Q. Then V is an open set and F CV C clV C G by
(4.3). If we prove that V > S; for each ¢ € I, then W = int (cl V) is a required
regular open set by Lemma 13. To this end, we need the following claims:

Claim 14. VNT =UNT andclVNT =clUNT.

PROOF. First, observe that PNT = () by (4.3), and (c1QNT)NU = 0 by (4.6).
Hence, we have

VNT=((UuP)\cQ)NT
=(UNT)U(PNnT)\ (clQNT)
=UNT)\(clQNnT)=UNT.

Since cl PNT C clU by (4.6), we have

cdVnT Ced(UUP)NT
=(UNT)U(clPNT)=clUNT.

Conversely, since clQ NT =clPNT by (4.6), we have

AdUNT Cec((U\cdQ)UcdQ)NT
C(dVnNnT)yU(cd@nT)
=(dVNT)U(lPNT)=clVNT.

Hence, clVNT =clUNT. O
Claim 15. bdV NT CbdU and bd (Ve)NT CbdU.

PRrROOF. The first inclusion is an immediate consequence of Claim 14, and the
second follows from the first since bd V¢ C bd V. O

Fix ¢ € I. To show that V > S;, observe that

cdVnelS; = (ClVﬂSZ')U (VﬂclSZ)U(deﬂdel)
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Since V and S; are open,
(CIV N SIL) U (V n C]Si) - cl (V n Sl)

By Claim 15 and (4.5), bdV NbdS; € bdU NbdS; = K; C clP;. Since
P, CVNS;, bdVNbdsS; Ccl(VNS;). Hence, we have cl (VNS;) =clVNelS;.
Similarly, since V¢ and S* are open, (cl(V¢)NS;) U (VeneclsS;) Ccl(Vens;).
By Claim 15, bd (V) NnbdS; € bdU NbdS; = K;. Since K; C clQ; and
Q; CVensS;, bd(Ve)NnbdsS; C cl(VenS;). Hence, we have cl(VeNS;) =
cl(Ve) NnclS;, which completes the proof. O

5. Proofs of Theorem 3 and Corollary 4

For a collection A of subsets of a metric space, mesh A denotes the least
upper bound of the diameters of all members of A. Morita [4] proved that if
a metric space X satisfies dim X < m, then X has a base B = |J,, ., B such
that each B,, is locally finite and ord{bd B : B € B} < m — 1. First, we show
that if X is dense in itself, then the collections B,,, n < w, in his theorem can
be defined so as to satisfy

B, N B, =), whenever n # n’, (5.1)

and, moreover, we can make B,, a locally finite cover, consisting of regular open
sets, of X with meshB,, < 27" for each n < w. To show this, we need the
following lemma, which is the essence of Morita’s theorem.

Lemma 16 (Lemma 4.2.1 in [1]). If a normal space X satisfies the inequal-
ity dim X < m > 0, then for every o-locally finite family {Us : s € S} of open
sets in X and every family {Fs : s € S} of closed sets in X such that Fs C Uy
for each s € S, there exists a family {Vs : s € S} of open sets in X such that
F, CV, CclV, CU; for each s € S and ord{bdV, : s € S} <m — 1.

For covers U and V of X, we write Y < V if U is a refinement of V and
V&ZU forevery U el and V € V.

Lemma 17. If X is a dense in itself, paracompact space, then for every locally
finite cover V of X consisting of nonempty open sets, there exists a locally finite
open cover U of X such thatU < V.

PrOOF. Let V be a locally finite cover of X consisting of nonempty open sets.
Then the set V, = {V € V: z € clV'} is finite for each € X. Since X is dense
in itself, we can pick a point y(z, V) € V with y(x, V) # « for each V € V,.. For
cach z € X, fix V(z) € V with € V(z), and put

U(z) = V(z) \ (U{clV VeV\VlU{y(@,V): Ve vw}) .

Then U(x) is an open set and V' € U(x) for each V' € V. Hence, every locally
finite open refinement U of {U(x) : x € X} is a required cover of X. O
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Now, let X be a dense in itself, metric space with dim X < m. By Lemma
17, we can define inductively locally finite open covers U,, = {U, s : s € Sy}
and V, = {V, s :s € S,} of X for each n < w such that

0 #Vys CclV, s CU,, foreachseS,,
meshif, < 27" and Up41 < V.

By Lemma 16, there exists a family B = |
for n < w, of open sets in X such that

B,,, where B, = {B,, s : s € Sp}

n<w

clVy s € Bps CclBy s C U, for each s € 5, and n < w, and
ord{bdB: Be€ B} <m—1.

Then B is a base for X satisfying all requirements of Morita’s theorem stated
above. Observe that each B, is a locally finite open cover of X with mesh B,, <
27", Moreover, we can assume that all members of B are regular open by
replacing B € B by int (cl B) if necessary. Finally, we show that the covers
B, n < w, satisfy (5.1). Suppose not; then there exist n < n’ < w such that
B, s = By ¢ for some s € S, and s’ € S,. Since By g C U, € Uy and
U, is a refinement of U,, 41, there exists U € U,,41 such that B, o+ C U. Thus,
Vi,s € Bn,s = Bp/ ¢ € U, which contradicts the fact that U,,1 < V,,. Hence,
we have (5.1). Now, we are ready to prove Theorem 3.

PROOF (PROOF OF THEOREM 3). Let X be a non-empty, dense in itself, sepa-
rable, metrizable space with dim X < m, and fix a metric d on X which induces
the topology of X. We show that X has an independent subbase of dimension
m. Using the above observation about Morita’s theorem and a bijection be-
tween w x w and w, we have a collection B = J,, ., U, Bn,i, where each B, ;
is a locally finite cover of X consisting of regular open sets, such that

inf{mesh B,,; : i <w} = 0 for each n < w, (5.2)
ord{bd B: Be€ B} <m—1, and .
By.i N By i =0, whenever (n,i) # (n',7'). (5.4)
For each n < w, put B, = {J;,, Bn,:;- Then B,, is a base for X by (5.2), and
B, N B, =0, whenever n # n'’ (5.5)

by (5.4). Now, we trace the proof of Theorem 1 and define S, o and S, 1 more
carefully. In the first step of the proof, we may assume that

d(clUp 0, X \ Uy,1) > 0 for each n < w. (5.6)

Further, we may assume that Uy € By, which implies that bd Sy o = bd B for
some B € By. For n > 1, we show that the regular open set V,, can be chosen
S0 as to satisfy

bdV, C | J{bdB: B € B,}. (5.7)
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To show this, let n > 1 be fixed, and look at the proof of Lemma 10. By (5.6),
we can assume that d(F, X \ G) > 0 in the proof of Lemma 10. Thus, by (5.2),
we can take the set U as the union of members of B,, ; for some ¢ < w. Then we
have

bdU C | J{bdB: B € By}, (5.8)

because B, ; is locally finite. Moreover, in the proof of Lemma 12, we can
take all the sets P(k,7) and Q(k,7) from B,,. Remember that the collection
{P(k,i),Q(k,i) : k < w,i < w} was discrete at each point of X \ K in the proof
of Lemma 12. Hence, by (4.6) and (5.8), we then have

bdPUbdQ C | J{bdB: B € B,} (5.9)

in the proof of Lemma 10. Let us also remember that the set V,, above was
defined by V,, = int (clV'), where V = (U U P) \ c1Q. Hence, it follows from
(5.8) and (5.9) that V,, satisfies (5.7). Now, we back to the definition of S,, o in
proof of Theorem 1. We can take all the sets G(o), 0 € AU B, from B,,. Then
we have

bd Sy C | J{bdB: B € B,}. (5.10)

Hence, it follows from (5.3), (5.5) and (5.10) that ord{bd S, 0 : n < w} < m—1,
which means that the resulting independent subbase S = {S,,; : n < w,i < 2}
is of dimension m. O

Finally, Corollary 4 follows from Theorem 3, Corollary 2 and the following
lemma.

Lemma 18. If a separable metrizable space X has a subbase S = {S,; : n <
w,i < 2} such that Spo N Sp1 =0 for each n < w and ord{X \ (SnoU Sn1) :
n<w}<m—1, then dim X < m.

This lemma seems to be known and can also be derived from the fact that T,
is m-dimensional [7, 9], because g is an embedding in T% under the assumption
of this lemma. We give a direct proof here for reader’s convenience.

ProOF (PROOF OF LEMMA 18). Note that some S, ; may be a empty set. We
prove this by induction on m < w. If m = 0, then our assumption implies
that each X \ (S,,0 U Syp,1) is empty, and hence, all members of S are open
and closed. This implies that dim X < 0. Now, we assume that the statement
holds for all I < m, and let X be a separable metrizable space with a subbase
S = {Sn;i : n < w,i < 2} such that S,,0 N S,1 = 0 for each n < w and
ord{X \ (Sp,oUSp1):n<w}<m-—1 Put T, = X\ (Sp0USn1) for each
n < w. Then, dim T,, < m — 1 for each n < w by inductive hypothesis, because
ord{TNT), : k <wand k #n} <m—2and {S;;NT,, : k <w,k #n and i < 2}
is a subbase of T;,. Observe that, for every finitely many members Sy, ;) ;)
J <k, of Sif we put B = (), Sn(j).i(j), then bd B C U, Th(j), and hence,
dim bd B < m — 1. This means that X has a countable base B such that
dim bd B < m — 1 for each B € B. Hence, dim X < m. O
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6. Canonically representing subbase and weakly canonically repre-
senting subbase

In this section, we consider the case X is a Hausdorff space. In [10], in
addition to independent subbase, two more properties which are expressing
non-redundancy of a proper dyadic subbase are introduced. They are full-
representing subbase and canonically representing subbase. In this section, we
introduce yet another one called weakly canonically representing subbase, and
investigate relations among them.

Proposition 19 (Proposition 3.8 and 3.10 of [10]). Suppose that S = {S,; :
n < w,i <2} is a proper dyadic subbase of a Hausdorff space X.

(1) If x #y € X, then x and y are separated by S, ; and Sy 1-; for some n
and i, and therefore pg(x) Yps(y).

(2) If z € X and 0 = @g(x), then S(o) = {z}.

(3) If T € 2, then S(7) is either a one-point set {z} for some x € X or the
empty set.

PROOF. (1) Suppose that  # y € X. Since X is Hausdorff, there exists
o € K(T%) such that € S(o) and y € X \ c1 S(0). Since S is proper,

S(O’) = ﬂ cl Sn,a(n)~

nedom(o)

clS(o)

Therefore, for some n, x € Sy, 5(n) and y € cl S, (n), and thus y € Sy, 1 _5(n)-
(2) From (1) and Lemma 5(2), S(ps(z)) = {y : ¢s(y) T ¢s(@)} = {z}.
Since S is antimonotonic, we only need to show = € S(o) for o = pg(x). It is
immediate because ¢g(z) 1 o and Lemma 5(2).
(3) ¢From (2), S(7) is a one-point set if 7 = @g(z) for some x € X. Since
7 € 2%, |7 =#7. Thus, by Lemma 5(2), S(7) = @5 ({7). Therefore, it is an
empty set if 7 %/ ¢g(z) for every z € X. O

(From Proposition 19(3), when S is a proper dyadic subbase of a Hausdorff
space X, there is a surjective partial function pg from 2“ to X, which assigns
to 7 € 2¢ the unique element of S(7) when it is non-empty. Therefore, a proper
dyadic subbase S induces a representation pg of X.

Definition 6 ([10]). A full-representing subbase of a Hausdorff space X is a
proper dyadic subbase S such that pg is a total function.

Definition 7 ([10]). A canonically representing subbase of a Hausdorff space
X is a proper dyadic subbase S such that, for every ¢ € T¢ and z € X,

S(o) = {z} if and only if o = pg(z).
That is, a canonically representing subbase is a proper dyadic subbase for

which the converse of Proposition 19(2) also holds. It is proved in [10] that
full-representing implies canonically representing and canonically representing
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implies independent, and these three are equivalent when the space is compact.
We show in the next proposition some properties equivalent to canonically rep-
resenting. The domain of a representation pg of X is denoted by dom(pg). For
o € T¥ and n € dom(o), inv(o,n) denotes the sequence obtained by inverting
the value of the n-th element of o, and erase(o, n) denotes the sequence obtained
by replacing the n-th element of o with L. We write s <t for s,t € T if s < ¢
and s #t,and o <7 for o,7 € T¥ if o < 7 and o # 7.

Proposition 20. Suppose that S is a proper dyadic subbase of a Hausdorff
space X. The following are equivalent.

(1) S is a canonically representing subbase.

(2) If 0 1 ps(x) and o # @s(z) for x € X and o € T, then S(o) contains at
least one point other than x.

(3) If T € dom(pg) for T € 2%, then inv(r,n) € dom(pg) for every n < w.

PROOF. (1) — (2) : If 0 1 ¢s(z), then x € S(o) by Lemma 5(2). If o # pg(x)
then S(o) # {x} by (1). Hence, we have (2).

(2) — (3) : Let = = pg(7), ie., S(r) = {z}. If n ¢ dom(pg(x)), then
ps(inv(r,n)) = z, and hence, inv(r,n) € dom(pg). Suppose that n € dom(pg(z)).
Let 0 = erase(r,n). Then we have ¢ < 7 and therefore o 1 ¢g(z), because
7 = ¢s(z). Since n € dom(pg(z)) and o(n) = L, we have o % pg(x). There-
fore, S(o) contains at least one point other than x by (2). Since 7 € 2%,

1o = {o,7,inv(r,n)}. Hence, we have

S(0) = ¢5' (ffo) = 95 (IrU linv(r,n))

= ¢g (I1) U pg' ({inv(r,n))
= S(1)uU S(inv(7,n)) = {x} U S(inv(r,n)).

Therefore, S(inv(7,n)) is not empty, and thus, ps(inv(r,n)) exists, which means
that inv(r,n) € om(ps)

(3) = (1) We fix 0 € T% and # € X. By Proposition 19(2), it suffices to
show that S(o) = {x} implies ¢ = pg(x). Now, suppose on the contrary that
S(o) = {z} but 0 # ¢s(x). Then o 1 ps(z) by Lemma 5(2), and o(n) = L <
ps(z)(n) for some n < w. Thus, we can choose 7 € 2¢ such that ¢ < 7 and
vs(z) X 7. Put o’ = erase(r,n). Since o < ¢/, we have

S(0) 2 8(0") = w5 (') = ¢5' (U linv(7,n)) = {z, ps(inv(r,n))}.

Here, ps(inv(r,n)) exists by (3), and it differs from z since 7(n) = ¢s(z)(n) >
L. This contradicts the fact that S(o) = {x}. O

The intuitive meaning of Proposition 20(3) is that if 7 € 2¢ is a pg-code of
x € X, then every digit of 7 is either meaningless (i.e., if we invert its value,
then the result is also a code of ), or indispensable in identifying z (i.e., if we
invert its value, then the result is a code of another point).

In this article, we define yet another property of a proper dyadic subbase.
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Definition 8. A weakly canonically representing subbase of a Hausdorff space
X is a proper dyadic subbase S such that, if o < ps(x) for x € X and 0 € T¥,
then S(o) contains at least one point other than x.

Since S is antimonotonic, we only need to consider the case ¢ is maximal
among those bottomed sequences strictly smaller than ¢g(x). Therefore, we
can also restate as follows.

Proposition 21. A proper dyadic subbase S is weakly canonically representing
if and only if, for all x € X andn € dom(pg(x)), we have S(erase(ps(x),n)) #
{z}.

It means that all the digits of g (z) are indispensable in identifying x, and
if we erase one of them and replace it with 1, then it becomes ambiguous and
denotes more than one elements with respect to S.

If S is a full-representing subbase, then pg is a total function and therefore
S is canonically representing by Proposition 20(3). If ¢ < ¢g(x), we have
o 1 ps(x) and o ¥ @s(x). Therefore, a canonically representing subbase is
weakly canonically representing. The proof of Proposition 4.7 in [10], which says
that a canonically representing subbase S of a non-empty space is independent,
only uses the fact that S is weakly canonically representing, and therefore,
a weakly canonically representing subbase is independent if the space is non-
empty.

In [10], it is written without a proof that weakly canonically representing is
equivalent to canonically representing. However, it is not correct and weakly
canonically representing is strictly weaker. We show an example of a proper
dyadic subbase which is weakly canonically representing but not canonically
representing. Let H = I“ be the Hilbert cube. We consider the dyadic subbase
H obtained as the infinite product of the Gray-subbase G of I, through some
encoding of T¥*% in T¥. Then H is a full-representing subbase. Let zp =
(1/2,1/2,...) € H and 79 € 2% be the infinite sequence obtained by filling all
the L in g (20) with 0. Consider the subset

Y ={y € 2¢ : y and 79 differ at infinitely many coordinates}

of the Cantor space 2. Let C be the dyadic subbase of Y obtained as the
restriction of the obvious one on 2. That is, we have pc(0) = o for o € Y.
C' is canonically representing by Proposition 20(3) and thus weakly canonically
representing. We define our space as the topological sum X =Y & H. We
consider the dyadic subbase S defined as Sy = Y, So,1 = H, and Sp41, =
CniUH,; (n>0,i=0,1). Sis a proper dyadic subbase of X.

Proposition 22. The dyadic subbase S defined above is weakly canonically rep-
resenting.

PROOF. Since H and C are weakly canonically representing, we only need to
consider in Proposition 21 the cases ps(z) = 1y and n = 0, and pgs(z) = Op
and n = 0, and show that S(inv(ps(x),n)) # 0.
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First, consider the case pg(z) = 1 and n = 0. We have u = ¢y (y) for some
y € H. Let o be the element in 2“ obtained by filling all the bottoms of u with
1. If infinitely many coordinates of y are different from 1/2, o is different from
To at infinitely many coordinates. If finitely many coordinates of y are different
from 1/2, p contains infinitely many L and therefore o is different from 7y at
infinitely many coordinates. Therefore, o is in Y in both cases. Therefore,
00 € pg(X) and 0o 1 Op. Thus, S(0u) # 0.

Next, consider the case pg(x) = Op and n = 0. Since p € 2 and H is
full-representing, there is an element y € H such that ¢g(y) < p. We have
Lo (y) € ps(X) and 1y (y) 1 1u. Therefore, S(1u) # 0. O

Proposition 23. The dyadic subbase S is not canonically representing.

PROOF. For zg € H and 79 € 2¢ in the definition of X, we have ps(17y) = 2.
Since 19 € Y, S(079) = (). Therefore, from Proposition 20(3), we have the result.
U

It is an interesting problem to determine a space which has a subbase dis-
cussed in this section. By the definition, a separable metrizable space X is dense
in itself and compact if and only if X has a full-representing subbase. However,
the authors do not know such characterizations for a canonically representing
subbase and for a weakly canonically representing subbase.
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