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Computation over a Topological Space
[2nd-countable, TO space]

Fix abase and a representation of the base.

Computation with respect to approximations.
approximation ... given as asequence of base elements
bl b2 b3 b4 b5 ... - X
A machine which inputs/outputs infinite sequences of

(representation of the) base.
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Base as a poset, points as limits

Subset

Representation of

b0 bl b2 Domain Representation
as ainfinite string adae. .. of auniform space



w -type poset

 thelevel of d P. the maximal length of achain
<dl <d2<... <d
e W -typeposet: every elementd P hasafintelevel.
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w -type domain D

 |deal completion of a w -type poset
(the set of Increasing sequences/ equivalence)
e |tisaw -agebrac cpo.
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Scott Topology on aw -type domain D

 (relative)Scott topology on L(D)
e {1 d|] d K(D)} asabase
e TO gpace

L(D)

K (D)



Uniform Domain

e Ford Kn(D), defined* ={e Kn(D)|et d}

» Define mlb(n) asthe maximum level of alower bound
of d* for d Kn(D).

o Uniformdomainisaw -type doman D such that
mib(n) - o0 as n - .

1% L(D)
ap «d3*={ d3,d7,d10}
[ d8 4 K4(D)
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An example of auniform domain

L(D)

K (D)
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uniform domain RD
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Minimal subspace of auniform domain

K(D)

M (D)

cf. w

Theorem WhenD isa
uniform domain,
L(D) hasaminimal
subspace M(D).

-type domain of P(N)

- K(D):finite sat,
L (D):infinite set




Minimal subspace of auniform domain

| Theorem WhenD isa
v Im" L(D) | uniform domain,
A y |\/|(D). M(D) isaretract of

L(D).
« M(D) isaHausdorff
space.

Each increasing sequence in
K(D) specifies one point of
M(D).




Uniform domain and uniform space.

v.Y

M(D)
do |
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(d =1t dn M(D)
open set of M (D)
Vn={[d]|d Kn(D)}
open covering of M(D)

Theorem WhenD isa
uniform domain,
M(D) Isacountable
complete uniform
space with Vn
uniform coverings.

or. M(D) ismetrizable.




Countable complete uniform space
withabase X

« X: topological space,
¢ U uo Ul U2
A sequence of uniform open coverings s.t.
. refinement,
n m Un *Um
e U *VIFt U {Stv,V), v V]
e St(A,V)is {u V,un A% @}

U becomes a base of auniformity on X

U auniform domain D s.t. M(D) = X.

Theorem When (X,u ) Isacountable complete
uniform space with a base, we can form from




Totally bounded uniform domain
Kn(D) finite set for al n

W v\ /W; Theorem WhenD isa

totally bounded uniform

domain, M(D) isa
compact uniform space.
N /

: . k4aD) | Theorem When (X, 4 )Isa
\\ / K3(D) compact countable
\\ / K2(D) uniform space, the
\_/ K1(D) corresponding uniform
v <o | domainistotally bounded.




M(RD) Is homeomorphic to |=[0,1]

Signed digit representation| Gianantoni o]
Gray code [ Tsuiki]
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An example M(D) not densein D

L(D)

In agood uniform domain,
M (D) should be dense in
D

K(D)
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A uniform domain M(D) densein D

AN L(D)
s

.\

K (D)
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Another uniform domain with the same M(D)

L(D)

@<

7

In agood uniform domain,
length L (D) should be
equal to ind(M(D)).




What 1s a good uniform domain?

e Uniform domain = uniform space + base.
* Which uniform domain is natural as a base of
computation?
— M(D)denseinD. ( d. ed e*)
—d eiff [d [€g].
— 1nd(M(D)) = length(L (D))

* Ingenera we have { W
) Ind(L (D)) = length(L (D)) v'Y

indM(D)) length(L(D))

length(P): the maximal length of achainin P.

INnd: Small inductive dimension.



Conclusion

«Computation ---- depends on the selection of abase

Uniform domain =
Uniform space + base

*\Which property of auniform domain is not
dependent of the selection of a base?

*Are there any good conditions on a uniform
domain which guarantees good computational
properties?
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