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Abstract

In a previous paper [6], the authors introduced the hyperbolic topol-
ogy on a metric space, which is weaker than the metric topology and
naturally derived from the Lawson topology on the space of formal
balls. In this paper, we characterize spaces L,({2, %, ) on which the
hyperbolic topology induced by the norm ||-||,, coincides with the norm
topology. We show the following.

(1) The hyperbolic topology and the norm topology coincide for
1 <p<oo.

(2) They coincide on L1 (2,3, 1) if and only if u(2) = 0 or Q has
a finite partition by atoms.

(3) They coincide on Lo (€2, %, ) if and only if 4(€2) = 0 or there

is an atom in X.
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1 Introduction

The hyperbolic topology of a metric space (X, d) is the topology generated
by sets of the form {z : d(z,x) — d(z,y) < t} for x,y € X and —d(z,y) < t.
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Hyperbolic topology was introduced in [6] as a subspace topology of the
Lawson topology of the poset of generalized formal balls. Let R and R
denote the sets of real numbers and non-negative real numbers respectively.
For a metric space (X, d), we call an element of BT X = X xR, a formal ball
in (X, d). Formal balls are firstly introduced by Weihrauch and Schreiber in
[7] to represent a metric space in a domain, and Edalat and Heckmann [3]
investigated further properties of BT X as a computational model for (X, d).
We can generalize the notion of formal balls so that a ball with a negative
radius is allowed, and call an element of BX = X x R a generalized formal
ball in (X,d). The set BX is endowed with the partial order C defined
as (z,7) C (y,s) if d(z,y) < r —s. Therefore, we can consider the Lawson
topology on BX, which is a topology defined on a partially ordered set. The
Lawson topology of BX is generated by sets of the form {(y,s) : d(z,y) <
r—s}and {(y,s) : d(z,y) > r —s} for (x,r) € BX. Then, Lawson topology
restricted to the set Bd(x,r) = {(y,s) € BX : d(z,y) = r — s} derives
a topology on X, because there is a one-to-one correspondence between
Bd(z,r) and X. In [6], it is shown that this topology does not depend on
the choice of x and r, and coincides with the hyperbolic topology defined
above.

Now, our interest is how different is the hyperbolic topology from the
metric topology. In [6], it is proved that the hyperbolic topology and the
metric topology coincide on X if and only if the Lawson topology and the
product topology coincide on BX. Through this property, we can derive
conditions for the hyperbolic topology and the metric topology to coincide
on a metric space X from the conditions given in [6] for the Lawson topology
and the product topology to coincide on BX. In particular, we can derive an
example of a metric space for which the hyperbolic topology and the metric
topology do not coincide, from an example in [6]. However, the metric
topology of the example is the discrete topology and one may think of it
as an artificial example from a mathematical point of view. Our concern in
this paper is whether they differ also in more natural spaces which appear
in many branches of mathematics.

In this paper, we study the relation between the hyperbolic topology
and the metric topology for normed linear spaces, in particular, spaces
L,(£2,%, ) for ¥ a o-algebra of subsets of a set {2, and p a positive measure
on Y. We show the followings.

(1) The hyperbolic topology coincides with the norm topology for every
locally uniformly rotund (uniformly convex) normed space (X, | - ||), and
thus the two topologies coincide on L,(Q2, X, 1) for 1 < p < oo.

(2) They coincide on L;(2, X, ) if and only if 1(2) = 0 or €2 has a finite



partition {A;,..., A,} by atoms.

(3) They coincide on Lo (€2, X, 1) if and only if 4(€2) = 0 or there is an
atom A € Y.

As special cases, they coincide in ¢, for 1 < p < oo, but do not coincide
on {7.

Notation.

For each point x of a metric space (X, d) and each r > 0, we denote the
r-open ball of x by S,(x) ={y € X : d(x,y) < r} and the r-closed ball of x
by By(z) ={y € X : d(z,y) <r}.

2 Hyperbolic topology of a metric space

For a metric space (X, d), we call the topology Tx generated by those sets
O(x,y,t) = {z : d(z,z) — d(z,y) < t} for x,y € X and —d(x,y) < t the
hyperbolic topology of (X, d). We denote by Tas the metric topology induced
by the original metric d. Obviously, Ty is weaker than Tj;.

We put 0,(y,t) = 0(z,y,t) for z,y € X and —d(z,y) < t. Then,
x € 0z(y,t) and 0.(y,s) C 6,(y,t) when —d(z,y) < s < t. The follow-
ing proposition was proved in [6] via Lawson topology of the space of formal
balls. Here, we give a simple and direct proof.

Proposition 2.1 For each point x € X, {0,(y,t) :y € X and — d(z,y) <
t} generates a base for the Tg-neighborhood system at x.

Proof. Suppose that —d(a,y) < s and = € 6(a,y,s). We show x €
0:(y,t) C O(a,y,s) for t = s —d(a,z). First, since d(z,a) — d(z,y) < s, we
have —d(z,y) < s — d(z,a) = t. Therefore, 0,(y,t) is well defined.

Suppose that z € 0,(y,t). Since d(z,z) — d(z,y) < t = s — d(a,x),
we have d(z,a) — d(z,y) < d(z,a) + s — d(z,a) — d(z,z) < s. Therefore,
z €6(a,y,s). 1

The hyperbolic topology Ty is Hausdorff because for z,y € X, 6,(y,0)
and 6, (x,0) are separating the two points. Moreover, we have Cl 6,(y, s) C
{z € X :d(z,2) —d(z,y) < s} C 0(y,t) for —d(z,y) < s < t. Therefore,
Ty is regular.

In [6], we studied the Lawson topology of the partial ordered set BX of
formal balls in X, and proved the following.



Theorem 2.2 For a metric space (X, d), the following are equivalent:
(1) The Lawson topology and the product topology coincide on BX.
(2) The hyperbolic topology and the metric topology coincide on X.

Here, we refer the reader to [3, 4, 6] for the poset of formal balls and
Lawson topology of partially ordered sets. With this theorem, we can de-
rive some conditions on X so that the hyperbolic topology and the metric
topology coincide from the conditions given in [6] on X so that the Lawson
topology and the product topology coincide on BX. Here, we present them
with direct proofs to make this paper self-contained.

Proposition 2.3 If (X,d) is a totally bounded metric space (in particular,
(X, d) is a compact metric space), then the hyperbolic topology and the metric
topology coincide.

Proof. Let z € X and € > 0. It is immediate when X has at most one
point and we may assume that S.(x) # X. Since d is totally bounded, there
are finitely many points x1,z2,..., 7, of X such that Ul_,S.s(z;) = X.
Suppose that z € B, j5(x;) for 1 <i <k and z & B, j5(x;) for k+1 <i <n.
We have UF_, S, 5(2;) C Se(z) and therefore k < n. For k+1 < i <
n, we have d(x;,z) > €/2 and thus we can consider the Ty-neighborhood
Oz (xi, —€/2) of x. For z € Oy(x;,—¢/2), d(z,x) — d(z,2;) < —e/2 and
therefore d(z, z;) > d(z,x) +¢/2 > €/2. Therefore, 0, (z;, —€/2)NS, j5(z:) =
0 and thus N, 0. (2i, —/2) N UL, 1S /a(2i) = 0. Since Ulesa/g(xi) U
U;L:k+1SE/2(xi) =X, ﬂ?:k+19x(xi, —6/2) C UleSE/z(:vi) C Se(l’) [ |

Let (X, | -]|) be a normed linear space and Ty the hyperbolic topology
on X induced by the norm || - ||. Then we easily have the following.

Proposition 2.4 Let (X, ||-||) be a normed linear space, a € X and a > 0.
Then g : (X, Ta) = (X, Th) defined by vu(x) =x +a and o : (X, Ta) —
(X, Th) defined by ¥o(x) = ax are homeomorphisms.

Proposition 2.5 Let (X, -||) be a normed linear space and d the metric
induced by the norm || - ||. If the restriction of d on the unit ball B1(0) is
totally bounded, then the hyperbolic topology and the metric topology coincide
on X.

Proof. By Proposition 2.4, we only need to show U C Bj/,(0) for

some Ty-neighborhood U of 0. Since the metric space (B1(0),d) is to-
tally bounded, by Proposition 2.3, we have N¥_, 0o (z;, ;) N B1(0) C B1/2(0)
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for some z; € B1(0) and —||z;|| < r; (1 <1 < k). Then, for every y € X
such that [|y|| > 1, z = y/|ly|| € B1(0) and z ¢ B;5(0), and therefore,
z & Oo(z;, 1) for some 1 < i < k. Therefore, ||z|| — ||z — x;]| > ri. Then,
[yl = lly — zill = ly — 2l + [[2l = lly — @ill = llzll = Mz = @ill + |z — @il +
ly — 2|l = ly — x| > ||z]| — ||z — x4|| > ri. Therefore, y & Oo(zi,r;). Thus,
M 00(xi,7:) C B1/2(0). W

The following lemma is a well-known property of a normed linear space
(cf. Lemma 17 of [6]).

Lemma 2.6 Let (X, ||-||) be a normed linear space and d the metric induced
by the norm ||-||. The restriction of d on the unit ball B1(0) is totally bounded
if and only if (X, || -||) is finite-dimensional.

Thus, we have the following.

Theorem 2.7 The hyperbolic topology and the norm topology coincide for
finite-dimensional normed linear spaces.

Here is an example in [6] of a metric space (Xo,ds) on which the two
topologies differ. Let Xy be an infinite set with a fixed point x¢ € Xg, and
ds the following metric function on Xj.

0, if z=y,
ds(gj7y) = 17 Zf To € {l’,y} and x 7& Y,
2, otherwise.

The metric topology of (X, ds) is the discrete topology where the hyperbolic
topology of (Xo,ds) is generated by those sets {z} for z € Xy — {z¢}, and
Xo — A, where A ranges over finite subsets of Xy which do not contain x.

3 The hyperbolic topology in L,(2, %, i)

In this section, we study the relation between the hyperbolic topology and
the metric topology for normed linear spaces, especially, L,(€2, X, ) for 1 <
p < oo. In this section, we denote the norm in L,(2,%, 1), 1 < p < oo, by
|| - || instead of || - ||,.

3.1 Locally uniformly rotund (convex) spaces

First, we consider the case 1 < p < oco. In this case, we have a general the-
orem. We consider the uniformly rotund spaces (uniformly convex spaces),
which are introduced by J. A. Clarkson [1].



Definition 3.1 A normed linear space (X, || - ||) is said to be uniformly
rotund (uniformly convex) if for every € > 0 there is d(¢) > 0 such that for
cach z,y € X with ||z = |yl =1 and ||z —y|| > ¢, 1224 < 1 - 5(e).

A normed linear space (X, || - ||) is said to be locally uniformly rotund (or
locally uniformly convez) if for each x € X with ||z|| = 1 and € > 0 there
is 0(z,e) > 0 such that for each y € X with [|y|| = 1 and ||z — y|| > ¢,
sl < 1 — §(x, ).

Uniform rotundity means that when x and y are points on the unit
sphere with the distance greater than e, then the middle point is in the ball
Bi_s, (5)(0) and therefore the distance from the unit sphere is greater than
) X(&).

The sum norm and the max norm on R? are not locally uniformly rotund
because the unit sphere has the form of a square with each of these two
norms. It is known that L,(Q, %, ) for 1 < p < oo are uniformly rotund
([1]) and hence locally uniformly rotund. We notice that if (X, | - ) is
locally uniformly rotund and z € X with ||z|| = 1, then the real number
d(z,e) works for the point —z, i.e., we may assume that 6(—x,e) = d(x, ¢).

Theorem 3.2 If (X, ||-||) is a locally uniformly rotund normed linear space,
then the hyperbolic topology coincides with the norm topology on X.

Proof.  The two topologies coincide for the case X = {0}. We shall
show that Tp; C Tp. By Proposition 2.4, it suffices to show that the Ty;-
neighborhood 51(0) = {z € X : ||z|| < 1} of 0 contains a Tx-neighborhood
V of 0. Fix a point z € X with ||z = 1. Let §(z,1) > 0 be a real
number defined in Definition 3.1. We put ¢t = max{l — 26(x,1),0} and
V = 0o(z,—t) N Oo(—z,—t). Then V is a Ty-neighborhood of 0. To show
that V' C S1(0), we assume that there is z € V — 57(0). Then we have
|z —z|| = ||z]| >t and || — 2 — z|| — ||z|| > t. Let 2’ = z/||z||. Tt follows that
1/ =l > 2=l /= 2]l > all+t— (|2 = 1) = t+1 > 1—25(z, 1) +1 =
2 —26(x,1). Hence we have

, J—
I oy b = 1 - ()
Since ||Z/|| = 1, by the choice of §(—z,1), we have that ||z’ — (—z)| < 1.
Similarly, we can see that |2’ — z|| < 1. Hence, 2 = 2||z|| = ||z — (—z)|] <

|z —2'||+ ||z’ — (—z)|| < 141 = 2. This is a contradiction. Hence V' C 51(0)
and hence Ty C Tg. This completes the proof. &



Corollary 3.3 Let 1 < p < o0, ¥ a o-algebra of subsets of a set 2, and
i a positive measure on 3. The hyperbolic topology and the norm topology
coincide on Ly(2, %, p).

The following is a special case of Corollary 3.3.

Corollary 3.4 If 1 < p < o0, then the hyperbolic topology coincides with
the norm topology on £, and L0, 1].

3.2 Thecasep=1

Let (©,%, 1) be a measure space. A set A € ¥ is said to be an atom if
p(A) > 0 and for each B C A with B € ¥ we have pu(B) = 0 or u(B) = u(A).
We say that a measure space (€2, 3, 1) has a finite partition by atoms if there
are finitely many atoms A; € ¥, i = 1,...,n such that Q = A, U---U A,
and AiﬂA]’ =0 if i # 7.

We notice that the measure space (N, 2N 1), where p is the counting
measure, contains atoms, but it does not have a finite partition by atoms.

Lemma 3.5 Let (Q,%, 1) be a measure space and 1 < p < oco. If u(Q) =
0, or (,%,u) has a finite partition by atoms, then L,(Q, X, n) is finite
dimensional.

Proof. If 4(Q) =0, then L,(Q, %, 1) = {0}. We suppose that p(£2) > 0.
Let {A1,..., Ay} be a finite partition of Q by atoms, f € L,(Q, X, ) and
i <n. Let f; : A; = R be the restriction of f over A;. We define mappings
gi: Q=R i=1,...,n, as follows:

()_ 1, ifx € A,
FE=V 0, ifzé A

Since A; is an atom, it follows that f; is a constant mapping a.e. Hence,
L,(£2,%, i) is generated by g1, . . ., gn and hence L, (€2, X, p) is n-dimensional.
[ |

The following is a direct consequence of Theorem 2.7 and Lemma 3.5.
Corollary 3.6 Let (2,3, 1) be a measure space and 1 < p < oco. If u(2) =

0, or (Q,3,u) has a finite partition by atoms, then the hyperbolic topology
coincides with the norm topology on L,(€2, X, 11).

Now we consider the case p = 1. We can easily show the following
lemma.



Lemma 3.7 Let (Q,%,u) be a measure space such that pu(Q) > 0. If
(Q,%, 1) does not have a finite partition by atoms, then there is a count-
able set {A1,As, ...} C X such that A;NA; =0 ifi # j and pu(A;) > 0 for

each 1.

Theorem 3.8 Let (Q,%, ) be a measure space. The hyperbolic topology
coincides with the norm topology on Li(Q, %, p) if and only if n(2) =0 or
(Q,%, 1) has a finite partition by atoms.

Proof.  Corollary 3.6 proves the ”if” part. To prove the ”only if” part,
we suppose that u(Q) > 0 and (2,3, u) does not have a finite partition
by atoms. By Lemma 3.7, there is a countable set {A;, Ag,...} C ¥ such
that A; N A; =0 if i # j and p(A;) > 0 for each i. We may assume that
Q= UL A4;. Let 0 € Li1(Q,%, u) be the constant mapping and S;(0) the
1-open neighborhood of 0 in the norm topology. Let fi,..., f, € L1(, %, 1)
and t1,...,t, € R, where —||fi|| < t;. Put U = N_,00(fi,t:). It suffices
to show that U — S1(0) # (. For each i < n we put §; = ||fi]| +¢ > 0
and 0 = min{dy,...,dn}. Since 3377, [\ |fildn = [q |fildp < oo, there is
k(i) such that 3577 o [ [fildw < 0/2. Let K = max{k(1),...,k(n)}. We
define a function g : Q@ — R by

_ 1L ; A
_ M(AK) ) Zf HARS K
9(@) { 0, otherwise.

It is clear that g € L1(2,%, 1) and ||g|| = 1. On the other hand, for each
1 < n we have



Il =11 — gl = 1—A;ﬁ—gWM
= 1- |fi — gldp
>,
-1—<Z;AJﬁmngKm—gmm

kK

<1—mm—Armw+Arwm—Arﬂw>

0 )
L= lfill+5 -1+ 3

A

2
= 6|l
< 0 — | fill
= .

This implies that g € 6o(f;,t;) and hence g € U — S1(0). 1

Since the measure space (N, 2, ), where p is the counting measure, does
not have a finite partition by atoms, the following is a direct consequence of
Theorem 3.8.

Corollary 3.9 The hyperbolic topology is strictly weaker than the norm
topology on f1.

3.3 The case p =

For the case p = 0o, we have the following.

Theorem 3.10 Let (2, %, p) be a measure space. The hyperbolic topology
coincides with the norm topology on Loo (2,32, ) if and only if u(2) =0 or
(Q,%, 1) has an atom.

Proof. If u(Q2) = 0, then the hyperbolic topology coincides with the norm
topology by Corollary 3.6. Now, we suppose that p(2) > 0 and (2, %, )
has an atom A € . Let S1(0) be the 1-open neighborhood of 0 in the norm
topology. Let fi, fa € Loo(£2, X, 1) be defined by

1, if x € A,
fl(f”)_{ 0, ifz¢A,



-1, ifxe A,
falz) = { 0, ifzgA

Let U = 60o(f1,—1/2) N Oo(f2,—1/2). By Proposition 2.4, it suffices to
show that 0 € U C S1(0). It is obvious that 0 € U. Let g € U. Then
1/2 < |lg—fill—||g|| for each i = 1,2, because g € 0o(fi,—1/2). We have ||g—
il = max{llgla—a— filo_all lgla— filall} = max{llglo_all, lgla— filall}. I
lgle—all > llgla—fiLil, then we have 1/2 < lg— fillllgll = llgho—all—lgll <
0. This is a contradiction. Hence we have ||glo—al < |lgla — filall, and
hence ||g — fi|l = llgla — fila|| for each i = 1,2. Furthermore, since A is an
atom, glg = t a.e. on A for some ¢t € R. Since 1/2 < |lg — fi|| — |lgl| =

llgla — filall = llg]l, we have

1/2 <|lgla = filall = llgll < llgla = frlall = llglall = |t = 1] — [¢].

Hence we have ¢ < 1/4. Similarly, we also have that

1/2 <ligla = falall = llgll < llgla = falall = llglall = [t + 1] = |¢],

and hence ¢t > —1/4. Hence, we have —1/4 < t < 1/4. Since ||g|a_al| <
lgla — filall = ||t = filall for each i = 1,2, it follows that ||glo—a| <
min{|¢ ~ 1t + 1]} < 1. Finally, we have |lgl) = max{|lglo_all lgl]} =
max{||g|la—all,|t|} < 1. Hence g € S1(0) and hence U C S1(0). Therefore,
T = Tar in Loo(Q, %, ).

Conversely, we suppose that p(2) > 0 and (2, %, ) does not have an
atom. Let fi,..., fn € Loo(Q, X, ) and tq,...,t, € R such that f; # 0 a.e.
and —|| f;|| < t;. It suffices to show that 0o (f1,t1)N: - N (fn, tn)—S1(0) # 0.
Since Oo(fi, s) C Oo(fi,t) if —||fi]] < s < t, we may assume that ¢; < 0 for
each i < n.

For each i <n we put

Aj ={z e Q: fi(x) > —t;},

Az_ = {l’ eQ: fl(a:) < ti}.

We have |f;|| > —t; and hence u(Af U A7) > 0. Thus, p(A7) > 0 or
(A7) > 0. Let IT={i<n:p(A})>0}and I~ ={1,...,n} — I'*. Put

[ Al ifielt,
A4, ifiel.
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We notice that u(B;) > 0 for each i < n. Since (2,3, 1) does not have an
atom, it is easy to see that for each ¢ < n there is C; € X such that C; C B;,
pw(C;) >0and C;NCj =0 if i # j. Define g: @ — R by

1, ifreC;andiel,
glz) =< —1, ifreC;andiel™,
0, otherwise.

Then g € Loo(2, X, 1) and ||g|| = 1 (and hence g ¢ S1(0)). Furthermore, it
is easy to see that ||g||—||g— fil| < t; for each i < n. Hence g € N'_,00(fi, i)
This implies that Ty C Tps. 1

The following is a direct consequence of the theorem above.

Corollary 3.11 The hyperbolic topology coincides with the norm topology
on luo.

By a similar argument to the proof of Theorem 3.10, we can show the
following.

Corollary 3.12 The hyperbolic topology does not coincide with the norm
topology on C([0,1]).

Remark 3.13 Combining the results in this section and Theorem 2.2, we
have the characterization of spaces L,(€2, ¥, 1) such that the Lawson topol-
ogy and the product topology coincide on BL,(2, %, ). In addition, we
have examples of normed linear spaces for which the two topologies do not
coincide on their spaces of formal balls, for instance, ¢; and C([0, 1]).
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